Multiplicative noise, also known as speckle noise, is signal dependent and difficult to remove. Based on a fourth-order PDE model, this paper proposes a novel approach to remove the multiplicative noise on images. In practice, Fourier transform and logarithm strategy are utilized on the noisy image to convert the convolutional noise into additive noise, so that the noise can be removed by using the traditional additive noise removal algorithm in frequency domain. For noise removal, a new fourth-order PDE model is developed, which avoids the blocky effects produced by secondorder PDE model and attains better edge-preserve ability. The performance of the proposed method has been evaluated on the images with both additive and multiplicative noise. Compared with some traditional methods, experimental results show that the proposed method obtains superior performance on different PSNR values and visual quality.
Introduction
Image denoising plays an important role in the areas of image processing. A real recorded image may be distorted by many expected or unexpected random factors, of which random noise is an unavoidable one 1, 2 . The objective of image denoising or filtering is to recover the true image from the noisy one. One of the challenges during the denoising process is to preserve and enhance the important features. For images, edge is one of the most universal and crucial features. Denoising via linear filters normally does not give satisfactory performance since both noises and edges contain high frequencies. Therefore, some nonlinear filters 3-18 have been proposed. Median filter 1 is one of the classical examples. Wavelet-based image filters 19-22 are developing quickly. PDE-based nonlinear diffusion filters 23-26 also make a hit on image denoising. One of PDE-based methods is the famous total variation model TVM [27] [28] [29] [30] [31] [32] [33] [34] [35] . TVM has been improved in theory and algorithm continuously.
Multiplicative Noise Model
Noise removal or reduction is very important in image processing community. The objection of image denoising or filtering is to recover the true image from a noisy one. There are different noise types in real world. Multiplicative noise is common beside additive noise. Quality of images may degenerate while images' obtaining, transferring, and storage. The movement of objects, the defects of the imaging system, the noise of the inherent record equipment, and external disturbance also cause the image noise. Under the assumption that imaging system is linear translation invariance system, we can use the following degradation model to describe the multiplicative noise images:
Mathematical Problems in Engineering where f is the ideal image, u 0 is the noised image, n denotes the additive noise with mean 0 and variance σ 2 , * denotes convolution operation, h d denotes the point spread function PSF , andGaussian function can be considered as one of the classical PSF:
Therefore, the synthesized images with multiplicative noise in this paper are generated for ideal images convolution with 2D Gaussian kernels and then noised with additive Gaussian white noise. An example is shown in Figure 1 
Total Variation Model
In order to recover the true image f as much as possible and/or to find a new image u in which the information of interest such as object boundary in the image is more obvious and/ or more easily extracted, we will discuss PDE-based image denoising in this section. Secondorder PDE models have been studied as a useful tool for image denoising. The classical model of them is total variation model TVM 27 , and we will introduce it.
TVM was first proposed by Rudin et al. 27 . It is now one of the most successful tools in image restoration. TVM has a simple fixed filter structure. In terms of the mathematical foundation, unlike most statistical filters, TVM is based on functional analysis and geometry. The additive noise removal problem is converted to energy function minimization problem as below:
where Ω denotes image domain, and λ is Lagrange multiplier. The selection of the parameter λ is very important for the smoothing result. The corresponding Euler-Lagrange equation is
and the steepest descent marching gives
To avoid singularities in flat regions or at local extreme, |∇u| in 3.2 is regularized to 
3.7
Here, for any node αh αα β∈N α h αβ 1. In conclusion, TV denoising algorithm steps can be summarized as follows:
1 to assign parameter λ and a; For TV filtering process, the computational cost can be reduced by the algorithm. TVM not only can remove noise but also can keep the image edge information. Some experimental results are shown in Figure 3 . TVM is better than the traditional denoising methods not only in PSNR values but also in visual quality.
A New Fourth-Order PDE Denoising Model
In order to avoid the blocky effects seen in Figure 3 f and Figure 4 f widely seen in images processed by anisotropic diffusion while preserve edges, You and Kaveh 24 proposed a fourth-order PDE for noise removal. Motivated by 24 and TVM, we proposed a novel model in 25, 26 . The new approach combines the advantages of the famous TVM and original fourth-order PDE model. It can avoid the blocky effects and get high fidelity improve the quality of the processed image , which is important for image filter application see Figure 4 .
Consider the energy function as follows:
where Ω is the image domain and λ > 0 is a parameter similar as in TVM. u 0 is the noisy image. ∇ 2 denotes Laplacian operator and we require f is an increasing function and bigger than zero. Therefore, the minimization of the functional is equivalent to smoothing the image as measured by |∇ 2 u|. The corresponding Euler-Lagrange equation is where sign is the signed distance function, so 4.2 can be written as
If we define c s f s /s, which is
therefore, the Euler equation may be solved through the following gradient descent procedure:
So we can discretize and iterate to solve the equation. To solve the model in 4.5 efficiently and reliably, we propose a simple symmetric difference algorithm based on four neighboring systems seen in Figure 2 .
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We calculate Laplacian of the image intensity function as
where h is space grid size. Given a time step Δt, 4.5 can be discretized as
Similar as 24 , we define c s 1
where k is a parameter. So the symmetric fourth-order PDE denoising algorithm is as follows.
Step 1. Initialization: select the constants λ, k, h, Δt and choose an initial function image u.
Step 2. Compute ∇ 2 u and |∇ 2 u| using 4.6 .
Step 3. Compute c |∇ 2 u n | using 4.8 .
Step 4. Update u using 4.7 .
Step 5. Repeat Steps 2 and 4 until convergence. Figure 4 shows the results for a medical image with Gaussian white noise of mean 0 and variance 0.01. Median filter is applied to alleviating the speckle effects in the processed image. We can see from Figure 4 that the new fourth-order PDE method obtains the biggest PSNR values in all filter method and can avoid the block effect in Figure 4 f . At the same time, the last result of the new method Figure 4 j , PSNR 28.4746 dB is better than the original fourth-order PDE method Figure 4 b , PSNR 27.7743 dB not only in PSNR values but also in visual quality.
Multiplicative Noise Removal Algorithm Based on Fourth-Order PDE Model
Objective of most traditional algorithms is to deal with additive noise, but the result is not ideal for the big multiplicative noise. This paper proposes a new multiplicative noise removal algorithm and combines the denoising algorithm with image frequency domain. The whole process is as follows. where u in 5.6 is considered as the denoised image got by our algorithm. There are two denoising processes in the multiplicative noise removal framework, that is, the first step and the fourth step, if we select the denoising methods all as TVM removal framework of all as TVM, structure of multiplicative noise removal algorithm can be seen below. In Figure 5 , multiplicative noise removal algorithm considers the natural image noise as two parts, convolution changes to product by Fourier transform and product changes to summation by logarithm, then noise can be removal according to total variation model and the image is rebuilt.
Experimental Results
We use MATLAB 7.10 R2010a as the tool to carry out all algorithms a PC equipped with an Intel Core i3-2330 M CPU at 2.20 GHz and 4G RAM memory and Windows 7 operating system. Denoising performance is evaluated using the PSNR peak signal-to-noise ratio in dB which defined by
where u x, y denotes the restored image with respect to the original image f x, y , R 255, and M and N are the wide and high of image. The effectiveness of the new multiplicative noise removal algorithm is based on the total variation model MNRATV shown in Table 1 , Figures 6 and 7 . The sizes of the noisy "Lena" and "vegetables" images is all 512 × 512. The numerical results are listed in Table 1 and compared in Figure 6 . Visual quality is shown in Figure 7 . Experimental results show that the new method is available. It is better than the traditional denoising algorithm not only in PSNR values but also in visual quality. We can see from Table 1 and Figure 6 that the PSNR values of the restored images by MNRATV are higher than restored images by all the other methods. It is little bigger than those by TVM when the noise level is lower. The results of MNRATV and TVM are shown in Figure 8 . There are two denoising methods in the first step and fourth step of the multiplicative noise removal framework; we can call it denoising method 1 and denoising method 2. If they are all chosen as TVM, then the whole framework in Figure 5 is called MNRA1 method, which is called MNRATV before. TVM and fourth-order PDE FPDE model which we introduced in Section 4 constitutes four methods. Details are shown in Table 2 .
Different methods are employed to remove the noisy Lena image with different variance. PSNR values are shown in Table 3 . Seen from Table 3 , TVM or FPDE directly is not 
Conclusion
PDE models have been widely applied in image processing community especially in image denoising. However, traditional PDE-based methods have some drawbacks unless the governing equations are both incorporating appropriate parameters and discretized by suitable numerical schemes. In this paper, a new fourth-order PDE model is introduced by improving the original fourth-order one 24 in order to avoid the blocky effect. To solve the model efficiently and reliably, we suggest a symmetrically difference schemes. Median filtering is exploited to alleviate the speckle effects in the processed image in succession. Accordingly, a new multiplicative noise removal algorithm based on the proposed fourth-order PDE model is presented. To remove the multiplicative noise, the convolution is changed into a product by applying the Fourier transform. Furthermore, the multiplicative noise is converted into the additive one by using a logarithmic transformation. Then the noise can be removed by applying the proposed PDE model. Experimental results have shown the effectiveness of the proposal.
